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ABSTRACT

The Klein paradox describes an incoming electron being scattered at a supercritical barrier to create electron—positron pairs,

a phenomenon widely discussed in textbooks. While demonstrating this phenomenon experimentally with the fundamental

particles remains challenging, condensed matter analogs are more accessible to experimental realization. For spinless quasi-

particles, theoretical works show an enhancement of the pair production rate, and analogs of this effect in condensed matter

systems have been studied theoretically. Here, another condensed matter system, a heterostructure comprised of two materials

with strongly and weakly interacting electrons is presented, that allows for constructing analytical solutions using the hierarchy-

of-correlations method. The results show enhanced electron reflection related with the production of doublon-holon pairs, as

known from the Klein paradox.

1 | Introduction

The mathematical structure of quantum many-body physics
in condensed matter physics often mirrors that of relativistic
quantum theories and can thereby suggest striking analogies
between otherwise distant areas of research. Such connections
are particularly fruitful when equations known from relativistic
physics emerge as effective descriptions of low-energy excitations
in solids, enabling the parallel interpretation of results.

A prominent example of such an analogy is the Klein paradox,
originally identified in the context of the Dirac equation for
relativistic electrons. In his seminal work, Klein investigated
the one-dimensional scattering of an electron from a potential
barrier and found a finite transmission probability even when
the barrier height exceeds twice the particle’s rest energy and
the incoming energy lies well below the barrier [1-3]. While
classically forbidden, this behavior follows naturally from the
relativistic wave equation and the existence of antiparticles, and
has since served as a paradigmatic illustration of nontrivial
quantum transport at interfaces.

Subsequent studies clarified that this effect cannot be fully
understood within a single-particle framework and requires a
many-body description to fully incorporate both the particle-
antiparticle pair creation at sufficiently strong barriers, as well as
the Pauli principle due to the presence of an incoming fermion
suppressing this process [3-13]. Although these aspects are
well established theoretically, direct experimental access remains
challenging because of the large energy scales involved.

In contrast, condensed matter systems provide natural plat-
forms in which analogous interface phenomena arise at much
lower energies. Notably, fermionic realizations of the Klein
paradox have been identified in graphene and related gapless
two-dimensional materials, where chiral quasi-particles exhibit
perfect transmission through potential barriers [14-17]. These
observations underscore that the essential physics of the Klein
paradox is not tied to fundamental particles, but rather to the
structure of the underlying effective theory.

Beyond fermionic systems, bosonic analogs of the Klein paradox
[6, 18-20] have also been proposed and explored in a variety of
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condensed matter settings [20-22]. In these systems, the absence
of Pauli blocking leads to an enhancement of pair production,
akin to stimulated emission, and this effect has been used as
an experimental signature in platforms such as magnonic inter-
faces [23-25]. Importantly, the corresponding “antiparticles” are
negative-energy collective excitations, avoiding the instabilities
associated with fundamental bosonic antiparticles.

In this work, we introduce a correlated electronic system that
provides a further solid-state realization of Klein-type interface
physics. We study the interface between weakly and strongly
correlated materials and demonstrate that it supports an effective
description in terms of doublons and holons in a Mott insulator.
These composite quasi-particles play the role of particles and
antiparticles, respectively, while remaining intrinsic excitations
of the lattice system and thus free of fundamental instabilities.

Unlike earlier analog realizations in optical lattices [26-37], in
semiconductors [38-40] or *He [41], the effective gap in our
system arises naturally from electronic correlations in the Fermi-
Hubbard model, without the need for external fine-tuning. More-
over, the emergent doublon-holon symmetry closely mirrors the
structure of relativistic particle and antiparticle bands, and the
resulting low-energy equations of motion take a form directly
analogous to a 1+1 dimensional Dirac equation. Previous work
has established this analogy for specific magnetic backgrounds
in the Mott phase [42], where the lower and upper Hubbard
bands correspond to filled and empty continua, respectively [43—
45]. Here, we go beyond these settings by addressing the role of
interfaces and scattering.

The central question we address is whether reflection and trans-
mission at a correlated interface can carry observable signatures
of doublon-holon pair production in the Mott phase. By formu-
lating the problem in terms of quasi-particle scattering, we show
that the interface provides direct access to correlation-induced
pair creation phenomena in a purely condensed matter context.

This paper is organized as follows. We first introduce the hier-
archy of correlations used to derive the effective propagation
equations for the quasiparticles. We then analyze scattering at
a single interface and compute the corresponding transmission
and reflection coefficients. Finally, we recast the resulting equa-
tions in a Dirac-like form to make the underlying structure
transparent and to place the condensed matter results in a broader
theoretical context.

2 | Hubbard Model and Hierarchy of Correlations

In order to describe both the weakly interacting layer as well as
the strongly interacting Mott insulator, we employ the Hubbard
model [46], defined as follows:

N 1 ~ A PO A
H= -z Z t,“,cz,sc,,s + Z U, Ay, + Z Vs 6]
Vs K Hs

Here, CZS and c,; denote fermionic creation and annihilation
operators acting on lattice sites denoted by vectorial indices u
and v, respectively, with spin index s € {1, |}. The corresponding
number operators are given by 7, = c:mcm. The lattice structure

and associated hopping amplitudes are encoded in the adjacency
martrix f,,,,, which is taken to be nonzero only for nearest-neighbor
pairs, where it assumes the value t; otherwise, t,, = 0. The
coordination number Z counts the number of nearest neighbors

per site.

The parameter U, describes the Coulomb interacting, and is only
non-zero in the Mott insulator. It is worth noting that in weakly
correlated semiconductors, a small on-site interaction U, may be
treated within a mean-field framework and effectively absorbed
into a renormalized Vs akin to the treatment in Fermi liquid
theory [47, 48].

The on-site potential is, in principle, non-zero in both the strongly
and weakly interacting layer, as the Mott bands are not necessarily
centered around U /2, but might be shifted up- or downwards.
In the following, we will fix the occupation numbers in the Mott
insulator, which also fixes the chemical potential to zero for the
Mott insulator. This chemical potential is implicitly included in
the on-site potential term in the Hamiltonian. In the weakly
interacting half-space, the on-site potential can formally be seen
as incorporating the chemical potential; it takes a homogeneous
value V > 0. Therefore we take V e\ = 0 and deal with the band
alignment only by Ve em;- This yields a system Hamiltonian

~ t A PO ~
H=—Z %cwcwﬂ+ 2 U, Ay, + Z Vil (2

MEMott MeEsemi,s

In this, Zm ¢s,c,,; denotes hopping to all possible neighboring
sites. For a one-dimensional system this sum consists of two
terms, for a two-dimensional square lattice of four, and so on.
For the ease of notation, we use the parameters U, and V,, to
distinguish between strongly correlated layers (U, # 0,V, = 0)
and weakly correlated layers (U, = 0,V # 0) within the system
under investigation, although more general choices of parameters
are physically meaningful as well.

2.1 | Hierarchy of Correlations

To approximate solutions for charge modes at the interface, we
employ the hierarchy of correlations [49-52], which is particularly
well-suited for systems with a large coordination number Z >
1. In this framework, reduced density matrices involving two
or more lattice sites are decomposed into on-site and correlated
components. Specifically, for a pair of lattice sites u and v, this
decomposition reads g, = 6,0, + 55" Based on the assumption
Z > 1, one can perform an expansion in powers of 1/Z, leading
to a natural suppression of higher-order correlators. The two-
point correlation scales as gg)" = O(Z™'), while the three-point
correlation satisfies ﬁ;‘f{ = ((Z72), and so on.

Performing this expansion into the inverse coordination number,
the evolution equations form an infinite hierarchy. Here, we
exhibit only the first two, which are the ones we actually use for
our further calculations, they read

10,0y = F1(Pu £y

16,05 = Fa(Pys B537 AL ©)
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TABLE 1 | Group velocity of the Mott-Néel solutions inside the
bands.

lower Hubbard band  upper Hubbard band.
vG(x1) <0 >0
v(x5) >0 <0

The exact form of the functionals F, depends on the specific
structure of the Hamiltonian. By using the fact that 33" = O(Z™)
we approximate this to:

i8,6, ~ F,($,,0), with solution gj,
4

ACOIT 0 acorr

iatp/.w ~ Fz(p/.u IO[.W ,0)

This hierarchy yields an iterative scheme for approximating the
full density operator g. Further details of the method are provided
in Appendix A.

In analogy with the Hubbard X operators [53, 54] and composite
operator methods [55], we introduce quasi-particle operators
defined as:

C A, forI =1,

Al — {éﬂq(l b ﬁﬂg)g forl = O’ (5)

where I = 1 corresponds to doublons and I = 0 to holons. These
are the physical excitations within the Mott insulator on top of
the half-filled background. From these operators, we define the
corresponding correlation functions (¢, ¢,s;)™ [56].

2.2 | Factorization

For the relevant dynamics, these correlators may be factor-
ized [49, 57] as:

(é/.tslévs‘])mrr = (p;lts)*p'ljlqa (6)

where p,, and pj are the doublon and holon amplitudes,
respectively. These amplitudes can be combined into a spinor
representation, from which the equations of motion for the
(quasi-)particles can be derived [56]. In a sense, this is the
same as factorizing the many-body density operator ¢ in this

doublon-holon basis as g;; = ( p! )% p’ with the wave functions
I

p'.
In the interface system, the translational invariance is broken in
only one direction, in the other ones it is still intact. Therefore,
we can decompose the quasi-particle wave functions into their
parallel momentum k! dependent Fourier components. After
this, the index u is just a scalar counting the layers parallel
to the interface. In a hyper-cubic lattice the Schrodinger-like
equations for doublons I = 1 and holons I = 0 can be combined

E
4t
L B S Kl
Tl — Or
FT - \\\:\\\ —0.257
Tl PG — 0.57
4 s
SR K
/2 T
4t
V-7
FIGURE 1 | Energybands as a function of momentum x for different

parallel momenta k!l for the even (solid lines) and odd (dashed lines)
spinor solution in the weakly interacting layers.

using Uy, = IU,;:

(E - U/I4 - V#)p;]u + <ﬁ;€§>0 2 tlllpljts
7

7

(L) @

=-t VA <p£—1s+p}{4+1s>'
J

The expectation values (ﬁft)o are evaluated with respect to
the mean-field background state g9. tl‘l =2/Z 3, cos(kl“) is the
kinetic energy contribution from the bands formed in the trans-
lational invariant directions for nearest neighbor hopping. For
hyper-cubic lattice this means Z = 4 in two dimensions and Z =
6 in three dimensions. Moreover, this choice is not just guided
by mathematical simplicity, but also by pervoskite structures
in which the essential Mott physics happens on a cubic lattice
and heterostructures from these material class can be grown
with high precision. A detailed derivation of this equation is
provided in Appendix B or [56]. For more details about interface
systems within the hierarchy see, for example, [52, 56]. Obviously,
the effective coordination number of sites at the interface can
generally be different from bulk, depending on the local topology.
In the case chosen here with same hopping parameters in both
half-spaces and the interface coinciding with a lattice plane,
the effective coordination does not change. In other cases, for
example with different hopping in the two half-spaces, this is
not true anymore. By design, the hierarchy always describes
the strongly correlated physics for non-zero U, such that local
changes to the effective coordination number result in only
quantitative, but not in qualitative changes [52].

To first order, the two spin sectors decouple. Because of this,
we will work from now on in the spin 1 sector and drop the
index s. In our expansion, the dynamics of the spin fluctuations
is suppressed by an additional order 1/Z, such that we treat
the charge modes dynamic as it happens on top of a fixed
spin background.

2.3 | Mott-Neel Type Spin Order

The starting point of our analysis is the mean-field background.
It is needed to analyze the effective Equation (7). The Mott
insulator state has one particle per site, it is half-filled. This
leaves the spin degree of freedom. In this work, we consider
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FIGURE 2 | Reflected and transmitted currents as function of energy in a two-dimensional lattice with V' = 1.1U, t = 0.2U, Z = 4 and kl =037
for energies greater than half the bandgap, E > U /2. Dashed vertical lines mark the edges of the upper Hubbard band. At E/U ~ 1.6 the asymmetric
current J"53YM hecomes non-zero. For this energy, there is a band overlap between the symmetric and antisymmetric spinor solution within the weakly

interacting half-space. The “kink” around E /U = 1 is an artifact of the numerical resolution.

the antiferromagnetic Mott-Néel state with its checkerboard
structure:

N weAa,
)l weB.

®

Because of the sublattice structure, an additional index A and B is
necessary. The expectation values are fixed as (A, 1) = 1, (A1) =
0. The weakly interacting layer coupled to this will inherit the bi-
partite structure. For this, we take either the valence band |1]) or
the conduction band |0). Because our calculation is done at zero
temperature, these two are related via the particle-hole symmetry.

From the spin ordering of the background, it follows directly that:

Ep/ =(E-U)py =0. (9)

Hence, in the Mott-Néel state the coupled equations for doublons
and holons thus read:

t
Bpt ==[upi + 5 (bl + 20 )|
(10)
t
(E-U)pyt == [0 + 5 (B + 02 ) |-

In the weakly interacting layer, on the other hand, we find:

t
(E-Vp) = =[alp + 5 (b + £, )]
an
t
(E - V)P/(ig = _[tl‘lpﬁA + E(p/(iil +P2/11>]-

3 | Quasi-Particle Propagation

In order to calculate the transmission characteristics at the
interface between the weakly correlated layer and the strongly
correlated Mott insulator, we first need to derive the propagation
within the individual regions. Otherwise we could not use
the correct ansatz for the incoming, reflected and transmitted
spinor.

3.1 | Strongly Correlated Layer

From Equation (10) we can read off that there is a proportionality
between the particle p:f and hole pzA solution on their respective
sublattices, they are not independent. Thus, in the ansatz p;CB =
Bx# and pﬂf‘ = Ax* the amplitudes A of the holons and B of

the doublon wave functions are related. Their relative sign allows

us to distinguish two cases, p,lf =p pﬁ“ with 8 = +./ ﬁ The

one with the plus is called the even spinor, the other one the
odd spinor. The odd one has a phase shift from one sublattice to
the other.
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(a) Contribution to the current in single interface for V= 0.1U. Dashed lines delineate the energy interval of the lower Hubbard
band. For an energy of E/U ~ 0.06 the asymmetric reflected current J**%™ becomes non-zero. At this energy, the band
overlap in the weakly interacting layer starts to appear, and subsequently the reflection rises above 1. For an energy slightly
below zero, there is a “kink” in the reflection due to transmission via the even current J°V*" in the lower Hubbard band.

0.25 0.3 0.35 0.4 0.45
EJU

(b) Same as (a) for V = 0.4U. For an energy of E/U ~ 0.36 the asymmetric reflected current J*"#¥™ becomes non-zero. At this

energy, the band overlap in the weakly interacting layer starts to appear, and subsequently the reflection rises above 1.

FIGURE 3 | Reflected and transmitted currents in units of the incoming one as function of energy in a two-dimensional lattice with t = 0.2U, Z = 4
and k!l = 0.37 for energies smaller than half the bandgap, E < U/2.
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FIGURE 4 | Density plotofthe reflected current for the (a) asymmetric and (b) symmetric reflection as a function of parallel momentum and energy.
The plots use the same color scaling, the parameters are V = 0.2U, ¢t = 0.2U in a two-dimensional lattice.

We find the eigenmodes:

-1,

g(\/E(E— U)+t]'l)

(12)

with x,%, = k3%, = 1. Within the Hubbard bands, they are com-
plex numbers obeying |x;| = 1, such that p:,B and pﬂ*‘ describe
plane waves. This can be seen by applying the identity x +
iV1 — x2 = elacos™® which defines the effective wave numbers
for the propagation. They read:

cos(x;,) = ;(\/E(E U)+ t )
(13)
cos(x3,4) = zg(\/E(E U)- f )
The proportionality between them reads:
B, = 1 [t” + L(‘K + K_l)]A- 14)
ITU-ElxTZz\T N v

which yields the 8 with the correct sign. x, and x, belong to the
even solutions, i.e. having the same sign on neighboring sites of
both sublattices, while x; and %, belong to the odd solutions with
a sign change between sublattices. The propagation direction of
the individual modes is dictated by the group velocity:

.1 dx;
vs(x;) = —lzﬁ, @15)

1

which reads for the four modes

2E-U
8t \/EGE-D)
1

V- ()]
Z 2E-U

8 \/E(E - )

V- (VEE=m-)]

There is a sign change in the middle of the Mott gap U /2. For
the lower energies, x, and x; describe right-propagating solutions,
for higher ones x; and x, do this, see Table 1. This is relevant
to find the correct ansatz for the transmitted spinor. Inside the
Mott bands the group velocity is purely real, while in between
the bands, 0 < E < U, the group velocity turns complex. This
describes both a propagation and a non-constant norm of the
spinor, and already gives a first hint toward to Klein paradox
analog. Outside the bands, the group velocity is purely imaginary,
resulting in decaying solutions.

vs(K,) = —vg(x,) =

s

(16)

v6(x;3) = —vg(x,) = —

3.2 | Weakly Correlated Layer

In the semiconductor adjacent to the Mott insulator in the Mott—
Neél state we also impose the bi-partite lattice structure, such that
we can again define the checkerboard sublattices A and B. In
this, the proportionality reads pﬁ = cxsz This a describes the
symmetry of the hole solution p# between the two sublattices.
There is an even symmetry with pﬂ = p# and an odd one with
pf[‘ = —pz". Both of these solve Equation 11. Together with the
ansatz A*, we find the eigenmodes for o = +1 as

-1 @7
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This is the even solution and has a group velocity

1ot
2, dE
t

UG(/1+) =-—i
Z
2

1 (18)

\/1— (%((E—V+t1”())2) o

A, describes right-propagating solutions, A_ left-propagating
ones. The effective wave number is a solution of cos(k) = Z(E -

V).

Similar for « = —1, we find with pf{‘ = pH:

2

p+=+2%<E—V—t,'L)i\/[Z%@—V—tk)] -1 ()

This is the odd solution with

ii dp+
o+ dE

z 1
- <0. (@O

-5 \/1_ <2£[<(E—V—t1|l )2>

For the odd solution o, the propagation direction is reversed. o,
describes left-propagating solutions, p_ right-propagating ones.
These are the negative energy modes related to the Klein paradox
analog. The effective wave number is a solution of cos(k) =
%w-v-ﬂ.

UG(p+) =-

The dispersion relation E(x) in the weakly interacting region
is shown in Figure 1 for different parallel momenta. For any
non-zero parallel momentum there is a band overlap at E =V,
allowing scattering from one band into the other.

3.3 | Probability Current

The effective (quasi-)particles in the weakly and strongly corre-
lated half spaces are the electrons and doublons/holons, respec-
tively. In order to physically make sense out of the transmission
coefficients we need to introduce a probability current J,, by the
continuity equation:

4D, =7, T, e2y)

with the quasi-particle density:

It is important to note that the derived quasi-particle current

and subsequent derived transmission and reflection rates are not

directly corresponding to measurable charge or spin current. A

charge current can be calculated by introducing alternating signs
. ¢

of the contributions, C,, = Z{X(—l)‘}“ D~ 17

4 | Scattering at the Interface

We want to calculate the transmission coefficients at the interface
for an incoming electron in the even spinor traveling from the
weakly interacting half-space at 4 < 0 onto the interface with the
Mott insulator at 4 > 0. For this scenario, the ansatz in the weakly
interacting space reads

0 0
- R[] 1R”R |1

= /1"+—1> +--=2 N2
u<0 pr 2 < + /1& 0 2 p;j 0
plIAB 1 -1

¢M>0 = _2]\_]7‘1‘ (25)

The choice of x; and x; depends on the energy. Inserting this
ansatz into Equation (23) quickly gives the incoming and reflected
current:

Fin L *
jr= 12 [/1+ - /Lr],
(26)

, t .
J =i (IR P = 2] = IRy Ple- = p2]).

The incoming current is only comprised, as per ansatz, of the even
spinor 1,, while the reflected current comprises both the even 1,
and the odd p_ with different sign.

In the strongly interacting half-space, the Mott-Néel structure
fixes two components to zero. Together with Nj* = N,# = 1 there
is only py* # 0 and p,® # 0. Therefore the current reads

ié]ﬁve“ inside Mott bands,
Tt =qizn 0<E<U, @7
0 E<OorE>U

with

J J J
¢
D, =Y Ip,I*. (22)
‘X dd o 2.-1( B A% o A B+
2038 = (B.A; + AB) o
. . . . 28
F.rom the geperal evolutl'on fo.r the bi-partite lattice case Equa- 2! ( A]’ B+ Bj [ﬁ)
tion (7), we find the quasi-particle current as: P ! !
; . +xx; " (BAY + A;By)
_ ix [ X ix\* ix (1%
Tu=iz LN <P,4+1(PL) - p(p%) ) (23) ol e n A
ixX KK (ALB; + Bl-A;T)
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FIGURE 5 | Incident angle dependence of the reflection R and —J™fsym _jrefasym for different on-site potentials and energies. The radial axis is

cropped for better visibility.

In these equations, we introduced the abbreviations 4; = A;/N;
and B; = B;/N,. These quasi-particle currents are independent
of the lattice site x. From the currents we can already read off
that perfect reflection only happens outside the Mott bands for
E > U and E < 0. Inside the Mott bands, there is transmission
of the even current contribution, inside the gap of the odd one.
For any parameter combination, independent of the energy, the
conservation of the quasi-particle current

Jeven +]odd _Jref — Jin (29)

always holds. The negative sign in front of the reflected current is
due to the different propagation direction.

Because of the sign change in the group velocity in the middle of
the bandgap at E = U /2, we need to distinguish these two cases:
For energies above U /2 - where the transmission is dominated
by doublons - and below — where transmission is dominated by
holons - we find different physics.

Furthermore, we will distinguish between reflection from the
incoming even spinor into the even spinor, denoted as J™"™ and
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from the even into the odd one, denoted as J™*Y™_ Their sum
is the total reflected current Jrf = jrefsym  jrefasym \with this,
we can also define the transmission T = JM°" /J® and reflection
coefficient R = —J™ /J", respectively. The additional minus sign
compensates the different propagating directions.

For the charge current, the roles of J&'*" and J3'@ are reversed.
This current is lattice-site dependent and grows exponentially as
e* for E < U. This is a typical issue of any stationary treatment
of phenomena creating particles, also known from the usual
Klein paradox.

4.1 | Regular Reflection

As a first example, we study the scattering of a particle hitting the
interface from the weakly interacting half-space. For E > U/2,
the reflected and transmitted current are plotted in Figure 2. We
discuss the reflection as function of the energy E. As already
expected from the band overlap in Figure 1, there is reflection
from the incoming even into the odd spinor (red line). It sets
on as soon as the bands energetically overlap, but remains
smaller than the reflection back into the even spinor (blue line).
Inside the bandgap there is transmission via the odd current
combination (black line), whereas inside the upper Hubbard
band the transmission happens via the even one alone (orange
line). For all energies0 < T' < 1and 0 < R < 1 holds. In summary,
we observe the usual transmission characteristics at interfaces
already known from standard quantum mechanics problems.

4.2 | Analogy to the Klein Paradox

Different behavior is encountered for E < U/2, as shown in
Figure 3 for two choices of the on-site potential. For such energies
the transmission in the Mott insulator is holon-dominated.

Generally, inside the lower Hubbard band the transmission is
smaller compared to the upper one and strongly depends on
the hopping strength. Larger hopping increases the transmission
probability. For an energy slightly less than zero, there is a “kink”
in the reflection. For this small energy range, there is a strong
change in the transmission via the even current J'*" in the lower
Hubbard band, see Figure 3a. The detailed behavior depends on
the band alignment.

There is still reflection into both spinors, into the even (blue
line) and odd (red line) one. Different from the previous case
E > U/2, now R > 1 becomes possible inside the bandgap. This
is always compensated by T < 0 (black line), such that R+
T =1, to conserve the total current. Subject to an incoming
electron, stimulated emission of doublon-holon pairs occurs at
the interface with an amplitude given by |T(E)| [20].

As the energy E is increased, there is always an initial increase
of J°% prior to the sign change of T from positive to negative.
This is similar to the Klein paradox in graphene, that shows
perfect transmission because of the chirality of the particles [14,
16], or the one for magnons at ferromagnetic interfaces, where the
bosonic Klein paradox analog leads to a stimulated emission and
enhances spin currents [23-25].

The amplitude of the Klein paradox increases with equalizing the
amount of doublons and holons taking part in the transmission.
This increases from purely holon dominated in the lower Hub-
bard band toward a ratio of one in the middle of the bandgap. The
closer the energy is to this midpoint, the larger the amplitude,
as shown in Figure 3a,b, such that the reflection from the even
into the even J™Y™ and into the odd J™/*Y™ exceeds one. For the
maximum amplitude, the symmetric reflection is always greater
than the antisymmetric one. The two amplitudes are shown in
Figure 4 as a function of the parallel momentum and energy as
a color plot. J™ shows the Klein paradox analog for small
energies and small parallel momentum, while J®#Y™ shows it
for larger energies and large parallel momentum.

We note that we performed additional calculations with different
hopping parameters inside the two half-spaces as well as for
the hopping from the weakly correlated region into the strongly
correlated one. The qualitative result does not change, the analog
to the Klein paradox is independent of the specific hopping
strengths; only the magnitude and on-set do change.

4.3 | Effective Dirac Equation

In order to understand the origin of the Klein paradox analog in
this condensed matter system we will derive an effective Dirac
equation governing the dynamics in a long wavelength limit.

Starting in real space, the two coupled equations read:
6, — UNp™ = e 1y 30
@0 ~UNp ==Y, (30)

Here, the notation I and X denotes the opposite value of I and
X, respectively. Only hole excitations I = 0 of spin 1 and particle
excitations I = 1 with spin | are supported on sublattice A, and
vice versa on B. All other ones are trivial and omitted. Therefore,
particle excitations on A are tunnel-coupled to hole excitations on
B and vice versa. We introduce the effective spinor

Ci— Cotr=
IabueA = <CA'MU 1) lvb;zeB = ( it 1) s (31)
uI=0 1lI=0

which allows us to express the coupled system 30 as:

>

iat¢y = <(({ 8) zp/t - % Z tﬂko'xllbk‘ (32)

Applying the trivial phase redefinition ¢, — e™V"/?3,, this
becomes:

. U 1
lallpby = Egz‘lpy - E Z tuxaxlpk (33)

with the Pauli matrices o, and o,. At this point we aim to take the
continuum limit, which is appropriate when the quasi-particle
wavelength is much larger than the lattice spacing. As a first step,
we derive the dispersion relation. Moving to Fourier space we
go from the real space hopping element ¢,, to the momentum
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dependent coefficient ¢, and find:

) = (20 - 60 i (34
which leads to:

w(k) = + UT +22, (35)

The minimum gap of the spectrum occurs when ¢, = 0. Expand-
ing t, around this zero momentum, k = k; + q yields:

o =q- (thk|k0>gxl)bk =q - Cepp O Py, (36)

where we identify the effective propagation velocity as: c; =
Vite| -
el

Substituting this back, the equation becomes:

. U

i0,¢y = (;Uz = Ceff * q0x>¢k- (37)
Upon replacing q — —iV and Fourier transforming to real space,
we arrive at the Dirac equation in 1+1 dimensions with a finite
mass term U, separating the upper and lower Hubbard bands.
A parallel calculation for a bipartite semiconductor background
leads instead to a Weyl-type equation: the eigenmodes of the
two sublattices become coupled, but with zero mass gap. This
occurs at momentum 7 /2, where both the weakly and strongly
correlated layers reach their minimum energy gap.

4.4 | Angle-of-Incidence Dependence

The incident angle ¢ of the particles can be calculated from the
dispersion relation Equation (17) and the parallel momentum k'

via
¢ arctan
:semi

= arctan

(3%)
k!

arccos [i(V —E) —cos k“]

Note that this equation does not yield a solution for any arbitrary
triples of energy E, on-site potential V, hopping strength ¢ and

parallel momentum x,.,;. The angle dependent reflection R =
ref
—‘;T is shown in Figure 5 for three different band alignments.

Figure 5a shows the E > U /2 case, Figure 5c,d the E < U /2 case
for V = 0.4U and V = 0.2U, respectively.

For E > U /2, the minimal reflection is found for energies inside
the upper Hubbard band (e.g. E = 1.01U) for ¢ = 0 and trans-
mission decreases with increasing angle, while for energies below
the Hubbard band edge (e.g. E = 0.96U and E = 0.99U) minima
are found for ¢ # 0. The relation is reversed, increasing the angle
increases transmission, until reflection from the even into the odd
spinor turns on, see the kinks in Figure 5b. This shows —J™,

—Jrebsym and —Jrebaym for an energy slightly below the upper
Hubbard band.

The analogous behavior in the Klein paradox regime, E < U/2,
can be seen in Figure 5c,d: if the energy for a certain band
alignment does not allow for the reflection to be larger than one,
it decreases with increasing the angle until reflection into the odd
spinor turns on (blue line in Figure 5d). If above-unity reflection
is possible, its magnitude increases with increasing the angle.

5 | Conclusions and Outlook

Using the hierarchy of correlations, we investigated a single
interface between a weakly interacting layer and a strongly
interacting Mott insulator in the Mott-Neel type spin-ordered
background. We found an analog to quantum electrodynamics,
as in the vicinity of the minimum gap the doublons and holons
are effectively described by a Dirac equation. We derived the
propagation of the electrons as well as the doublons and holons in
their respective regions. For an incoming electron, we calculated
the reflection and transmission characteristics, showing that for
energies exceeding half the bandgap the system behaves like
a potential barrier known from standard quantum mechanics.
For energies below, we found behavior reminiscent of the Klein
paradox, with reflections greater than one and negative trans-
mission coefficients. This shows that this interface is another
condensed matter system that can serve as an analog to the
Klein paradox. Some candidates for such interfaces are SrTiO,
substrates with SmTiO;, LaTiO; or LaVO; films, characterized
by values of V /U ~ 0.3 and V /U = 0.55 [58]. We note that the
creation of many doublon-holon pairs in the Klein paradox ana-
log would alter the mean-field background p° significantly, such
that the back-reaction of this onto the mean-field background, an
effect included in the higher-order equation id, 4, = F1(0,., 6",
should be included in the treatment. This effect is of order 1/2Z°
or t>/U? and can be neglected in this first approach. Additionally,
the heating due to the creation of many pairs might destroy
the spin order necessary for the analogy to QED. Therefore, our
analysis can describe only the onset of the dielectric breakdown
of the Mott insulator. The consequence of a finite pair creation
rate is postponed to future work, in which one could use higher
order terms of the hierarchy of correlations [59] to calculate Green
functions to employ the Meir-Wingreen formalism [60].
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Appendix A: Hierarchy of Correlations

In order to describe the (quasi-)particles in the heterostructure, we
employ the hierarchy of correlations approach [49-51]. This method starts
from a general lattice Hamiltonian of the form:

A=2 Y A+ YA, (A1)
uv H

where ¢ and v are generalized lattice coordinates and Z is the coordi-
nation number. In the regime of large coordination number Z > 1, a

controlled truncation scheme becomes possible, yielding a closed and
iterative set of equations.

The approach begins with the Heisenberg equation of motion for the
density operator p:

latﬁ = [H’)a] =

NI~

Y Epp+ ) Lyps (A2)
uy u

where the Liouville superoperators are defined as Ew,(ﬁ) =[A - Pl and
Ly(p) = [Hy 1.

Since physical observables are typically defined over a subset of lattice
sites, we decompose the reduced density matrices into uncorrelated and
correlated parts:

/5;11/ = 15;(:‘4(1);“ + ﬁpuav’

:a/.wl = 16;?:,{ + 16;(1);”[51 + lalcﬁrrﬁv + ﬁ;irrla/x + la/uavﬁb (A3)

and so on for higher-order correlations.

The time evolution of the on-site density operator g, is given by:

1 p_— . .
Bpy =7 D, tra(@# [ +papu]) +Lypy, (A%)
aFEU

where the symmetrized Liouvillian is Efw =£Am,+fw. This equa-

tion couples to the two-point correlator 45"

A similar procedure applies to the evolution of 45", resulting in:

~ ~

[ . 1
055" = B + 5 E

ACOTT

v (B3 + Puby)
Pu (a5 1 o
-7 tr#(ﬁfw [p;:g}rr + p;uou] )
(A5)
1 AS T4 ~ A ~ .
t o Y tra( BB + AR + 5B )
AFEUY

+(u < ).
This equation introduces the three-point correlator ﬁ;‘:}r/{ , and so the
equations form an infinite hierarchy:

ACOIT

iatﬁ,u = Fl(‘a,u,p/.w >
10055 = Fa(puo B3 D),

Corr ACOIT ACOIT ACOIT

ia,,éﬂwl = F3(pA,u,p;.w ’pﬂyl’puvﬂk ’

BB = Flbu B BB (A9

The exact form of the functionals F,, depends on the specific structure of
the Hamiltonian.

If the initial state exhibits a scaling behavior where ¢-point correlations
scale as O(Z~?*1), this property is preserved throughout time evolu-
tion [49, 61]. This scaling allows for a systematic truncation of the
hierarchy. Keeping only the leading orders yields:

0, ~ F1(p,,0), with solution /52,
(A7)

16,005 ~ Fy (B, fi5", 0).
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These two equations form the basis for describing the charge modes in
the heterostructure. The quantity /32 captures the mean-field background,
encoding the charge and spin structure of the system.

Appendix B: Hierarchy for the Fermi Hubbard Model

To apply the hierarchy of correlations to the Fermi-Hubbard model
defined in Equation (1), we begin by introducing the spin background.
This is represented by the antiferromagnetic Mott-Néel state, in which the
lattice is divided into two sublattices, A and B, arranged in a checkerboard
configuration:

o {mum HEA, -

I meB.

Irrespective of the choice of mean-field background, it is useful to
define quasi-particle operators. These are inspired by the Hubbard X-
operators [53, 54] and composite operator approaches [55], and are written
as:

¢, (1—A,,) forl =0,
Cust = Gyl s = A"S(A ) (B2)
Cushus forl =1,

where I =0 and I =1 label holons and doublons, respectively. These
operators offer a more accurate description of the relevant physical
processes, although they only approximate the actual quasi-particle
creation and annihilation operators for holons and doublons [62]. Here, §
denotes the spin opposite to s.

We now consider the two-point correlation functions (é;slém), whose
time evolution is given by:

i3 /al 4 1 Al AT
lat<cmjcvs]>corr = 7z Z tu/l(”y_i)O(CMchsJ)corr
AL

1 AT AT A
- E Z twl<ny§>0<C#SICASL>COH
AL

o (B3)
+ (U} = UL+ Vy =V )&l ey

Ly
S (L) R = (Al (A" )
+0(1/2),

where we define UL =1U,, so that Ufl =0forI =0and Ufl =U,forl =
1.

The dynamical evolution of these correlations can be further simplified
using a factorization approach [49, 57], allowing us to isolate the
amplitudes for holons (I,J = 0) and doublons (I,J = 1).

In the bipartite lattice structure, each sublattice has a distinct spin
occupation: sites on sublattice X satisfy (A, 1) = 0 and (A, |) = 1, while
the opposite holds for sites on sublattice Y. The correlation functions can
be expressed in terms of Fourier components with an additional index to
distinguish sublattices:

KN i \* g
<c:lXSICVY3]>C0rr = (p/l)§> pvg’ (B4)

where X,Y € {A, B} refer to the sublattices. These amplitudes can be
conveniently grouped using a spinor notation, and their dynamics are
governed by effective equations [56].

Assuming a highly symmetric (e.g., hypercubic) lattice permits a Fourier
transform along the directions parallel to the interface:

Iy 1 1y iklx!
= — z u
Pys LI ’

\/m kl

(BS)
XH !
Y] menk”e ).
For isotropic nearest-neighbor hopping with t” = trf .1 = I, the hopping

matrix elements take the form:

Il
k! t
tm,n,k” 7 6m nt Z(an,n—l + 5n,n+1))
(B6)

kH =2t Zcos(p )= Zt
where tlll captures the momentum-dependent in-plane hopping.

The resulting doublon and holon amplitudes obey the coupled equations:

) Z [tkpﬂ (p,ﬁ’il +p,%, )] (B7)

(i, - UI)pk = -

where X denotes the sublattice opposite to X.

Finally, assuming without loss of generality that (A1) = 0 and (A, ) =
0, it follows directly that

Ep/ =E-U)py =o.
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